The constrained instanton method is used to study quantum creation of a vacuum or charged topological black hole. At the W KB level, the relative creation probability is the exponential of a quarter sum of the horizon areas associated with the seed instanton.
The cosmological C− metrics [1] contain many topological black hole spacetimes. In this paper we shall study the quantum creation of a topological black hole. Since one can count the Schwarzschild black hole, for example, twice from two spatial infinities, one can interpret it as a pair of black. In the no-boundary universe [2] , we shall use the constrained instanton method to evaluate the relative creation probability [3] [4] . The constrained instanton can mediate the creation of a black hole. The regular instanton can be considered as a special case thereof.
The Euclidean metric of a nonrotating topological black hole can be written in a simple form
where
Here, m, Q, Λ are the mass parameter, magnetic or electric charge and cosmological constant, respectively, and p is the sign of the constant curvature of the two dimensional space dΩ 2 2 dΩ 2 2 = dθ 2 + sin 2 θdφ 2 p = 1, dΩ 2 2 = dθ 2 + dφ 2 p = 0, dΩ 2 2 = dθ 2 + sinh 2 θdφ 2 p = −1.
They correspond to the 2-sphere of genus g = 0, the torus of genus g = 1 and the 2-hyperboloid,
respectively. The open 2-hyperboloid can be compactified into a homogeneous space with genus g ≥ 2 by identifying opposite sides of an regular polygon of 4g sides with area 4π(g − 1) on the 2-hyperboloid. The gauge field is
for the magnetically charged case, and
for the electrically charged case. We do not consider the dyonic case.
At the W KB level, the Lorentzian spacetime is created from a constrained instanton as the seed.
It is a compact section of a complex manifold with a stationary action under the constraints that in the created universe a 3-geometry and the matter field on it are given. For our case, we shall use the complex form of solution (1)-(5) to construct a compact section by cutting and pasting. In general, it will lead to some conical singularities. The validity of the W KB approximation requires the solution to have a stationary action. The existence of the singularity implies that the manifold is not of a stationary action under no constraint. However, we shall show that its action is stationary under the constraints.
All Lorentzian sections obtained through analytic continuations from the constrained instanton can be interpreted as being created quantum mechanically from the seed. Its relative creation probability is
where I r is the real part of the Euclidean version of the action I. It can written as
where R is the scalar curvature of the spacetime M , K is the trace of the second form of the boundary ∂M , and −F 2 = −F µν F µν is the Lagrangian of the Maxwell field.
We now construct the constrained instanton. One can factorize ∆ into
where r i (i = 0, 1, 2, 3) are zeros in the ascending order of their real parts. We assume that, for physics motivation, among these roots, at least two roots are real and positive. This condition can be met in a range of these parameters. The other pair can be real or a pair of complex conjugates.
If a pair of the roots are equal, or complex conjugates, then the order is not essential. All these zeros are identified as horizons in a general sense.
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The roots r l satisfy the following relations:
i>j
i>j>k
The surface gravity κ i of r i is
The complex constrained gravitational instanton is formed by identifying two sections of constant values of time τ between two complex horizons r i and r j [3] . The pasting introduces two f l -fold (l = i, j) covers around the horizons. The f l -fold cover then turns the (τ − r) plane into a cone with a deficit angle 2π(1 − f l ) there. Both f i and f j can take any pair of complex numbers with the condition
where β l = 2πκ −1 l . If f i or f j is different from 1, then the conical singularity contributes to the action expressed by a degenerate form of the surface term in (7) .
The singularity contribution to the action is
The volume contribution to the action is
where ∆τ = f i β i is the identification time period in the pasting, +(−) is for the magnetic (electric) case, and ǫ is 1 for case p = 1, 0 and is g − 1 for case p = −1. Here the unit torus area is chosen to be 4π, for convenience.
One can use the joint section τ = 0 and τ = ∆τ /2 i.e. τ = −∆τ /2 as the equator, and then make a series of analytical continuations to obtain the wave function for the Lorentzian universe created. The action form (7) is suitable for the wave function for a given magnetic charge, the charge is evaluated by the surface integral of the gauge field over S 2 (θ − φ) space divided by ǫ.
From Eqs. (14)(15)(16) one obtains the total action
which is independent of the parameter ∆τ . ∆τ is the only degree left under the restriction that the 3-metric h ij and the magnetic charge at the equator are given. Therefore, the manifold pasted is qualified as a constrained instanton.
However, the configuration of the wave function at the equator is not proper for the electrically charged case. Instead, the Maxwell part of the action in (7) is set for the variation under the condition that the following variable conjugate to the charge is fixed
where the integral of the vector potential A is around the S 1 direction of the equator in the (τ − r)
space. Or equivalently, the wave function obtained from the path integral using the action (7) is Ψ(ω, h ij ). The most convenient choice of the gauge potential for the calculation is
In order to obtain the wave function Ψ(Q, h ij ) for a given electric charge, one has to appeal to a representation transformation
This Fourier transformation is equivalent to a multiplication of an extra factor
to the wave function. Or equivalently, this introduces an extra term into the action, which turns the − sign in the matter term of (16) to +, and the effective action takes the same form as that for the magnetic case. One of the motivations for the Fourier transformation is to recover the duality between magnetic and electric black hole creations [3] [4][5] [6] .
We have closely followed [3] [4] in deriving (17), using (9) (12) . It is noted that the derivation of the result is independent of the condition (10) , which is the only place p is involved. It is not surprising that the action should be a linear function of ∆τ . What is surprising is that the action is independent of ∆τ . Consequently, the action is the negative of the entropy associated with the two horizons of the instanton [7] . Our approach confirms that the black hole entropy is one quarter their horizon area [8] . This approach is not sensitive to the procedure used in the background subtraction [9] .
In the no-boundary universe, the true constrained instanton for the same universe created should have the largest action in comparison with the rest of the instantons [2] [4] .
Therefore, for the case Λ > 0, if Q = 0, r 1 disappears and one has to use the instanton with horizons r 2 , r 3 , these horizons are identified as the black hole and cosmological horizons. If Q = 0, one has to use the inner and outer black hole horizons r 1 , r 2 for the instanton.
For the case Λ < 0, one has to use the instanton with complex conjugate horizons r 0 , r 1 . r 2 and r 3 are the inner and outer black hole horizons. If Q = 0, then the inner horizon r 2 disappears.
From Eqs. (9)(10) one finds that the sum of all horizon areas is a constant i=0,1,2,3
Since the relative creation probability is, at the W KB level, the exponential of the negative of the action, or of the entropy. For the case Λ > 0, Q = 0 (Q = 0), it is the exponential of a quarter of the sum of the outer black hole and cosmological (inner black hole) horizon areas. For the case Λ < 0, Q = 0 (Q = 0), one can use (22) and conclude that the relative probability is the exponential of a negative quarter of the black hole horizon area (a quarter of the negative sum of inner and outer black hole horizon areas). These results are very similar to those of their cousins, the Kerr-Newman-(anti-)de Sitter black holes [3] [4] .
We are also interested in the creation of black hole with noncompact horizons. One can begin with metric (1) for p = −1. Instead of the previous compactification approach, one can make an analytic continuation letting χ = iθ, then the metric takes the form
The constrained instanton is similar to that for case of S 2 horizon with the modified signature. The creation probability should be the same as that for the case of compactified 2-hyperboloid horizon with g = 2.
At the W KB level, one can obtain the total creation probability of the black hole for Λ < 0 with given charge and mass and all different topologies
where P 1 , P 0 and P −1 are the probabilities for the cases of horizons with topology 2-sphere, 2-torus and compactified 2-hyperboloid of g = 2, respectively. P −1 is also the creation probability included for the case of open 2-hyperboloid horizon. The fraction term accounts for all cases of a compactified 2-hyperboloid horizon.
The case Λ = 0 can be considered as the limiting case as Λ approaches zero from below.
All known results of topological black hole creations mediated by regular instantons [10] become special cases of the consideration here. It is noted that for the black hole creation in the open space background we do not require the presence of domain wall for the compactification of spacetime as in [10] [11] .
We have investigated the quantum creation of the black hole with 2-dimensional horizon of topology of genus g. There exists another kind of constant curvature black hole. This is called the 4-dimensional version of the BT Z black hole [12] [13] . The case of the original 3-dimensional BT Z black hole and its higher dimensional version is dealt with in a separate publication.
